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Abstract

A linear forest is a disjoint union of path graphs. The linear arboricity of a graph G,
denoted by la(G), is the least number of linear forests into which the graph can be partitioned.
Clearly, 1la(G) > [A(G)/2] for any graph of maximum degree A(G). For the upper bound,
the long-standing Linear Arboricity Conjecture (LAC) due to Akiyama, Exoo, and Harary
from 1981 asserts that la(G) < [(A(G) + 1)/2]. A graph is a pseudoforest if each of its
component contains at most one cycle.

In this paper, we prove that the union of any two pseudoforests of maximum degree up to
3 can be decomposed into three linear forests. Combining it with a recent result of Wdowinski
on the minimum number of pseudoforests into which that a graph can be decomposed, we
prove that the LAC holds for the following simple graph classes: k-degenerate graphs with
maximum degree A > 3k—1, all graphs on nonnegative Euler characteristic surfaces provided
the maximum degree A # 7, and graphs on negative Euler characteristic e surfaces provided

the maximum degree A > 3 [5*'7 V?_ME—‘ — 1, as well as graphs with no K;-minor satisfying

some conditions on maximum degrees.
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1 Introduction

In this paper, unless otherwise specified, all graphs are simple, i.e., finite undirected graphs with
no loops or multiple edges. Let G be an n-vertex graph with vertex set V(G) and edge set
E(G). The degree of a vertex v in G, written dg(v) or d(v), is the number of edges incident
to v. Denote by A(G) the maximum degree of G. A linear forest is a union of vertex-disjoint
paths. The linear arboricity of G, denoted by la(G), is the minimum number of linear forests
needed to partition E(G). Since it needs [A(G)/2] linear forests to cover all edges incident to a
maximum degree vertex, it follows that la(G) > [A(G)/2]. In addition, it is easy to verify that
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la(G) > [A(%)H-‘ provided G is regular — each path in G is of length at most n—1, which implies

la(G) > “i (_Gl)l = g(ﬁﬁ%) > A(QG). In 1981, Akiyama, Exoo and Harary |2] conjectured that this

lower bound for regular graph is an upper bound for any simple graph, which is commonly

referred to as the linear arboricity conjecture (LAC).

Conjecture 1.1 (LAC). For every graph G, la(G) < {%—‘

The LAC implies that [A(G)/2] < la(G) < [(A(G) + 1)/2] for every graph G. An edge
coloring of a graph is a partition of its edge set into matchings, which can be considered as a
linear forest partition where each component is a single edge. Hence, the LAC can be viewed as
an analog to Vizing’s theorem [20] that A(G) < x/(G) < A(G) + 1 for every simple graph G,
where X/(G) is the chromatic index of G. After nearly 30 years since the conjecture was posted,
the famous LAC is still wide open although some progress has been made. The conjecture was
verified for graphs with maximum degree A = 3,4,5,6,8,10. (See [1, 2, [7, [10].) It was confirmed
for planar graphs by the combination of two papers [23, by Wu in 1999] and [25, by Wu and Wu
in 2008|. Furthermore, Cygan, Hou, Kowalik, Luzar and Wu in 2011 [6] conjectured that the
linear arboricity of a planar graph G is exactly [A(G)/2] provided A(G) > 5, and verified their
conjecture under most cases, leaving open only the cases when A(G) = 6,8. Approximately and
asymptotically, Alon in 1988 [3] proved that la(G) < # +0 (%W). It was also
showed in the same paper that the LAC holds for graphs with girth Q(A). Alon and Spencer
in 1992 [4] further improved this bound. In 2019, Ferber, Fox and Jain [§] further narrowed
it to A(G)/2 + O(A(G)?/3~), where « is a positive constant. Recently, Lang and Postle [I3]
announced a better bound of A(G)/2+3A(G)"/?log* A(G). McDiarmid and Reed [16] confirmed
the LAC for random regular graphs with fixed degrees. Glock, Kiihn and Osthus [9] showed that,
for a large range of p, a.a.s. the random graph G ~ G, ;, can be decomposed into [A(G)/2] linear

forests.

A pseudoforest is a graph such that every component has at most one cycle. The pseudoar-
boricity of a graph G, denoted by pa(G), is the minimum number of spanning pseudoforests
needed to partition F(G). In fact, pseudoarboricity is defined as an analogy to the arboricity
a(G), which is the minimum number of forests needed to partition F(G). Note that each forest
is a pseudoforest. Hence, pa(G) < a(G). For a graph G and a function f : V(G) — N\ {0}, we
call G a degree-f pseudoforest if it is a pseudoforest such that d(v) < f(v) for any v € V(G).
The degree-f pseudoarboricity pas(G) of G is the minimum number of degree-f spanning pseud-
oforests needed to partition F(G). Wdowinski [22] obtained the exact value of pa(G) as follows.

Theorem 1.2. For every multigraph G and function f : V(G) — N\ {0, 1}, we have pa;(G) =

max{As(G),pa(G)}, where Af(G) = ug\%}c(:) HEZH




Wdowinski observed that every degree-4 pseudoforest can be decomposed into two linear
forests, and so, la(G) < 2pay(G). Below is our main result, whose proof is much more involved

and deferred in Section Bl

Theorem 1.3. If F1, F5 are two degree-3 pseudoforests, then the union graph Fy U Fy can be

decomposed into three edge-disjoint linear forests.

The following is an immediate corollary of Theorem [I.3]

Corollary 1.4. For every graph G, we have la(G) < [% paz(G)].

Proof. Let pas(G) = k. By definition, G can be partitioned into k degree-3 pseudoforests, say
Fi,...,Fy. If k is even, then we pair up these k degree-3 pseudoforests as (Fi, Fy), (F3, Fy), ...,
(Fi—1, F)). Otherwise, add a trivial spanning subgraph Fj; of G with empty edge set, which
is naturally a degree-3 pseudoforest. Pair up these k + 1 pseudoforests as (Fy, F»), (F3, Fy),
ey (Fiy Fry1). By Theorem the union graph of each pair can be partitioned into three

linear forests. Therefore, G can be partitioned into [3k/2] linear forests, which implies la(G) <

[3pag(G)/2]. O

The following result shows that the LAC holds for graphs G with A(G) > 3pa(G) — 1.

Theorem 1.5. For any graph G with A(G) > 3pa(G) — 1, we have la(G) < {%-‘

For the sake of completing the proof of Theorem the following two observations are
needed, and the former was given by Wdowinski [22].

Observation 1.6. Every loopless multigraph G has a linear forest F' such that A(G — F) <
A(G) — 1.

Proof. Let r = A(G) or A(G) + 1 be an even integer. Let G* be an r-regular graph obtained
from G by adding edges and vertices. Clearly, G C G*. By Petersen’s theorem [17], G* has a
2-factor F™* — a spanning subgraph of G* in which all vertices have degree two. Let F’ be the
graph obtained from F™* by removing the added edges and vertices. Then, each component of F’
is either a path or cycle. Note that every vertex of degree A(G) in G must have degree at least
1 in F’. By arbitrarily removing an edge from each cycle component in F’, we obtain a linear
forest F also having the property that dp(v) > 1 for every maximum degree vertex v € V(G).
Hence, A(G - F) < A(G) — 1. O



Observation 1.7. For any k € N, we have

3[k—-1 E+1
- | — 1=|—— fk=1 :
{2 { 3 H + [ 5 -‘ if k mod 6; and

3k k+1 ‘
22 < [ 2= :
[2 L};H < [ 5 -‘ otherwise

These relationships can be easily checked, and with the results above, we are now ready to

prove Theorem

Proof of Theorem Applying Theorem with the constant function f = 3, we get the
following equality.

pas(©) = max { | 57 | patc) | 1)

Combining with Corollary [I.4] we have

w0 s [3[ 0] 2]}

Since A(G) > 3pa(G) — 1, it follows that [2 pa(G)| < {L?H—‘. When A(G) # 1 mod 6, by
Observation we have {% {%H < {%—‘, which implies that la(G) < {L?HW.

Assume now that A(G) = 1mod 6. Let G’ = G — E(F), where F is the linear forest
guaranteed by Observation Then, A(G') < A(G) — 1. Hence, by applying Theorem and
Corollary [1.4] to the graph G’, we have

la(G) <1a(G) + 1 < [3payg(G')/2] +1

"+

= max{ ; [A(?)G/)H +1, B pa(G/)-‘ + 1}
o [ S59] 1fr]
. max{ A(GQ)*W , B pa(G)l 4 1}

Note that when A(G) = 1 mod 6, it is readily seen that A(G) > 3pa(G) — 1 is equivalent to
A(G) > 3pa(G)+1, which in turn implies {%-‘ > [3 pa(G)]+1. Hence, la(G) < {%-‘,
which completes the proof of Theorem [I.5] O

2 Applications

For any positive integer k, a graph G is k-degenerate if it can be reduced to a trivial graph by
successively removing vertices with degree at most k. The set of degenerate graphs contains many

well-known families of graphs as special subclasses. For example, planar graphs are 5-degenerate.



The authors [5] previously proved that la(G) = {%G)} for k-degenerate graphs G with
A(G) > 2k* — k. For the slightly weaker maximum degree requirement, they showed that
la(G) < {%W More precisely, they proved that the LAC holds for any k-degenerate graph
G with A(G) > 2k? — 2k. Wdowinski [22] recently proved that the LAC holds for any k-
degenerate loopless multigraph G with A(G) > 4k — 2, which is a significant improvement of the
second result above. Noticing that 3k —1 < 4k — 2 holds for every positive integer k, we improve

Wdowinski’s result as follows.

Theorem 2.1. For any k-degenerate graph G with A(G) > 3k — 1, we have la(G) < {%—‘

Proof. Note that an equivalent formulation of the k-degeneracy of G is that there exists an
ordering of the vertices of GG in which each vertex v is incident to at most k& edges whose other
endvertex precedes v in the ordering. Observe that we can distribute these edges, each incident
to a vertex in the given ordering and having at most k edges connected to preceding vertices,
into k distinct sets. Each set, by virtue of its construction, will not contain any cycles, and hence
forms a forest. This collection of forests forms a partition of the graph G. (*We may simply say
the following: At each vertex v, by distributing the edges incident with v and a vertex precedes v
into k distinct sets, we obtain k 1-degenerate graphs. Notice that a graph is a forest if and only
if it is 1-degenerate. Thus, a k-degenerate graph can be decomposed into k forests.*) Therefore,
the arboricity a(G) < k, which subsequently implies that the pseudoarboricity pa(G) < k. Hence
A(G) > 3pa(G) — 1. Thus, Theorem [2.1] follows immediately from Theorem O

Vizing [21] proved that every k-degenerate graph is class one, i.e. X'(G) = A(G), provided
A(G) > 2k. He further conjectured that there is a positive number € such that if k is large
enough, then every k-degenerate graph G with A(G) > (2 —€)k is class one. Inspired by Vizing’s
work, we believe the following conjecture on linear forest partitions.

Conjecture 2.2. For a k-degenerate graph G, if A(G) > 2k, then la(G) = [%W

Indeed, A(G) > 2k implies that pa(G) < k < {#1 And by inputting the constant

function f =2 in Theorem we reach the conclusion that pay(G) = max { [#W ,pa(G)} =

{%W Therefore, we further conjecture that la(G) = pay(G) when A(G) > 2k, which may
provide an approach on proving Conjecture

As mentioned above, planar graphs are 5-degenerate. Directly applying Theorem with
k =5, we see that the LAC holds for all planar graphs with maximum degree at least 14. We
will show that the lower bound of maximum degree can be improved to 8. More generally, we

consider graphs with no Kj-subdivision.

We say a graph G contains a graph H as a minor if H can be obtained by contracting edges



in a subgraph of G. Analogously, one can define the topological minor which is actually used in
the following context. A graph is called an H-subdivision if it can be formed by replacing some
edges of a graph H with internally vertex-disjoint paths. We say that H is a topological minor
of a graph G if G contains an H-subdivision as a subgraph. It is routine to check that every
topological minor of a graph is also a minor. Kuratowski’s theorem states that a finite graph is
planar if and only if it does not contain a Ks-subdivision or a K3 3-subdivision. Wagner proved
planar graph has the same two graphs as forbidden minors. Mader [15] obtained the following

result.

Theorem 2.3. Let G be a simple graph. If G does not contain a Ks-subdivision, then |E(G)| <
3IV(G)| — 6.

Hakimi [11] determined the exact value of the pseudoarboricity as follows.

Theorem 2.4. For any graph G, we have

pa(G

e(S’)—‘ |

)= SQVI(%%,}\(Slzl { S|

where e(S) is the number of edges with both endvertices in S.

As an application of Theorem we show that the LAC holds for all graphs G with no Kj
subdivision except for A(G) = 7.

Theorem 2.5. Let G be a graph with no Ks-subdivision. If A(G) # 7, then la(G) < {%—‘

Proof. Let G be a graph without a Ks-subdivision and A(G) # 7. As we mentioned at the
beginning of the Introduction, the LAC holds for all graphs with maximum degree no more than
6. We assume that A(G) > 8. By Mader’s theorem, we have |E(H)| < 3|V(H)| — 6 for every
subgraph H of G. By applying Hakimi’s theorem, we have

e(S) 3|5 — 6
G) = S <3
pa(G) sgv%%,}fsej S| w - sgvr(%%,}fazj S| B

Then, 3pa(G) — 1 <8 < A(G). By Theorem we have la(G) < {%—‘ O

Since planar graphs do not contain Kjs-subdivision, the result above holds for all planar
graphs with maximum degree A # 7. We note that Theorem can be applied to graphs G
when pa(G) is small according to the formula given by Hakimi’s theorem, which is particularly

appealing when applied to graphs that are embedded in a surface with a fixed Euler characteristic.

The Euler characteristic € of a surface (a compact, connected 2-manifold without boundary)

IT is an integer-valued invariant of every homeomorphism type of surfaces. Let G be a connected



graph on at least 3 vertices that has an embedding in the surface II. Denote by F(G) the set of

faces of G. By the Euler characteristic formula, regardless of the way of embedding, we have

V(G)| = [E(G)|+|F(G)| =«

Moreover, for any embedding of G, since every face has at least three edges on its boundary and
each edge is counted at most twice when we sum up along all the face boundaries, it follows that

2|E(G)| > 3|F(G)|. Combining this with the Euler characteristic formula, we have

[E(G)] <3(V(G)] —e). (2)
Since inequality [2| applies to any subgraph of GG, applying Hakimi’s theorem we get pa(G) < 3
provided € > 0. Following the exactly same proof, we have the following result.

Theorem 2.6. For any graph G embedded on o surface with nonnegative Euler characteristic,

we have la(G) < {%W provided A(G) # 7.

For e < 0, Wu [24] showed that la(G) = {%W when A(G) > /46 — 5de + 19. Here we

confirm that the LAC is true for graphs with much smaller maximum degree.

Theorem 2.7. For any graph G embedded on a surface with Fuler characteristic e < 0, we have
la(G) < [%—‘ provided A(G) > 3 F”Li Vﬁ)%—‘ -1

Proof. For any S C V(G) with S| > 1, we first show that el(é‘gl) < min{B—% |S|—1} Inequahtyl
implies that |(5|) <3- m Noticing that there are at most (' |) edges in the graph induced by
S, we have |($§|) < ‘S‘Tl

Let f(z) = min{3—=¢ —} be a function for any x > 0. Since 3 — = is monotonic decreasing

and ”‘“T*l is monotonic increasing, the maximum point zg of f satlsﬁes 3 - % = mOTl, so that

zg = HVAI—2e V429_246. It follows that f(z) < f(z¢) = Stva9—2de Vig%. Therefore by Hakimi’s theorem, we

have
e(S) 5+ 49 — 24e
G)= ) < | ————
pa() = xS < e s < | PR
and so 3pa(G) — 1 < A(G). By Theorem we have la(G) < [%—‘ O

Even more generally, we can take the advantage of properties for graphs with forbidden
minors, noticing that graphs on a fixed surface can be characterized by a finite set of forbidden
minors by the Robertson-Seymour theorem. Let G be a graph with no K; as a minor. When
3 <t <9, Mader [14], Jorgensen [12], and Song and Thomas [I8] obtained that |E(G)| <
(t — 2)|V(G)|. Clearly, this inequality also holds for any subgraph induced by a vertex set
S C V(G), which implies that [ |(S|)—‘ <t-—2




Again by applying Hakimi’s theorem, we have pa(G) < ¢t — 2. Combining this with Theo-
rem we get the following result which generalizes Theorem and completely confirms the
LAC for graphs with no K4 as a minor.

Theorem 2.8. Fort € {3,4,...,9}, let G be a graph containing no K; as a minor. If A(G) >
3t — 7, then la(G) < {%—‘ :

For large positive integer ¢, Thomason [19] proved that a graph G with no K; as a minor
satisfies

|B(G)] < (a+o(1)tVInt - [V(G)],

where @ = 0.319... is an explicit constant and o(1) is a function of ¢ tending to 0 as ¢t — oc.
It then follows that pa(G) < (a + o(1))tvInt. Again by Hakimi’s Theorem, we have that
pa(G) < (a+ o(1))tvInt. Therefore, we may generally conclude as follows using Theorem

Theorem 2.9. There exists a constant o = 0.319... such that any graph G containing no K

as a minor with A(G) > (3a+ o(1))tVInt satisfies la(G) < {A(C;)ﬂ]

3 Proof of Theorem 1.3l

We first introduce some notation that will be used in this section. Let G be a simple graph.
The complement of G, denoted by G, is the graph on the same vertex set V(G) such that two
distinct vertices of G are adjacent if and only if they are not adjacent in G. For any edge set
E* C E(G) U E(G) regardless whether E* C E(G) or not, let G & E* be the graph obtained
from G by adding or deleting all edges belong to E*, and we write G + e for G & {e}. Let (E*)

be the graph with vertex set V(G) and edge set E*.

otice that (E*) may have isolated vertices) A matching is a set of edges that share no e
common vertex. For vertex sets U,W C V(G), let Eq(U, W) denote the set of dges of G
joining a vertex of U with a vertex of W. The subgraph induced by U C V(G), denoted by
G[U], is the subgraph whose vertex set is U and which contains precisely all edges of G with

both endvertices in U.

The following technical result, which serves as the foundation of this paper, guarantees The-

orem [L.3l

Theorem 3.1. Let F be a degree-3 pseudoforest, and let M~ C F be a matching. Then, there
exists a matching Mp C F such that both (M~ U Mp) and F' — Mg are linear forests. @ﬁé”"'f
/Le} Fi o d  be K?wo Jve@f&c«_“s /7%(,(01[‘“545‘ We wil sho fit T UE 5 7 dom (/F
Proof of Theorem Assume, without loss of generality, that Fy and Fy are spanningN\{fvee [:neer
0,::{{3.

subgraphs of a graph G. Note that () is a trivial matching in F;. Applying Theorem with



F = Fy and M~ = 0, there exists a matching Mp, C Fj such that both (M~ U Mp), ie.,
(Mp,), and Fy — Mg, are linear forests. Note that Mg, C Fy since E(Fy)NE(Fy) = 0. Applying
Theorem again with F' = Iy and M~ = MFp,, there exists a matching Mg, C F5 such that
both (Mp, U Mp,) and Fy» — Mp, are linear forests. Thus, we have found the three edge-disjoint
linear forests: Mg, U Mp,, F1 — Mp, and Fy — Mp,, whose union of edge sets is E(Fy U Fy). O

The remainder is dedicated to the proof of Theorem u From F'| by adding new edges and /or
vertices if necessary, there exists a degree-3 pseudoforest F* O F' such that every component of
F* has a cycle and every vertex on the cycle has degree 3. For a given matching M~ C F, if
Theorem [3.1 holds for F™*, then it also holds for F because F* O F is a degree-3 pseudoforest and
M~ — E(F*) is also a matching in F*. Therefore, for simplicity, we assume that each component

of F has a cycle, and each vertex on the cycle has degree 3.

Let C be the set of all cycles in F'. Let V. = Joee V(C). Foreachi >0, let V; = {v € V(F) :
dist(v,V.) = i}. Trivially, Vo = V.. Suppose that ¢ is the maximum integer such that V; # 0,

.rﬂm MAaf - )

q 1. Let F; = F[VhU---UV] for each i € [t], where [t] :={0,...,t}. Clearly,
FKECFH C---CFH, E(F,—F,_1) =Ep(V;_1,V;) for each i # 0, and C C Fj for any C' € C. For
any v € V., we notice that v has exactly two neighbors on some cycle in C and one neighbor in

Vi. Denote by v* the unique neighbor of v in Vj.

Proposition 3.2. There exists a matching My C Fy such that both (M~ U Mj) and Fy — M,

are linear forests.

The proof of Proposition [3.2] is more convoluted and is placed in Subsection [3.2]

Proposition 3.3. There exists a monotonic sequence of matchings My C My C -+ C My such

that the following three properties hold for each i € {1,2,...,t}.

(i) M; C Fy;
(11) (M~ U M,;) is a linear forest; and

(i1i) F; — M; is a linear forest.

Since M; C F; and F; = F, the matching M, in Proposition [3.3]is the desired matching Mg
in Theorem We first prove Proposition by induction in Subsection [3.1

3.1 Proof of Proposition

The existence of M; is guaranteed by Proposition [3:2l Suppose that we have constructed a

monotonic sequence of matchings M; C --- C M; for some i € {1,...,t— 1} satisfying properties



|

Hoo dr we. fand F, - M I is o Linen ‘FWW(~

(i), (ii) and (iii) in Proposition We construct M;4; as follows based on the matching M;.

Let Vi3 be the set of degree 3 vertices in Fiy1 — M;. If Vi3 = () then dp,,,—n;,(v) < 2 for
any v € V(F;). Let My, = M;. Note that Fj41 = F; U Ep(V;,Vit1). It is easy to check
that the matching M, satisfies properties (i), (ii) and (iii) in Proposjtic 7 Suppose now
that Vi3 # (0. We claim that V;3 C V;. Otherwise, let v € V;,

€ li+1]\{i}. If j =i+ 1 then dgr_ ,(v) =1, and so dp,,,—p;,(v) < 15 if j € [i — 1], then

3 such that v € V; for some

dr,,,—m;(v) = dp,—p,(v) < 2. We reach a contradiction in either case. Let V;3 = {v1,...,vs}.

Since V;3 C V; and i > 1, each vj, € V; 3 has a unique neighbor in V;_1, say u, and exactly two

neighbors in Vji1, say wp,wj}. Moreover, wi,w],. .., ws, w} are distinct. Since F' is a degree-3 U -
h —— r’ L -
pseudoforest, upvy, ¢ M;. Let F;p, = F; U |J {Ukwk,vkw;} €{1,2,...,s} and Fjp = F; QU'
~— k=1 ) J / ‘s

for convention.

—_
—

: A o 13 Th - -
Claim 3.4. For eachh € {0,1,..", éf, there exists a matching M; , C F; p, such that (M~ UM, )

and F; p, — M, , are linear forests.

Proof. Clearly, Claimholds for h = 0 since we can let M; o = M;. Suppose h > 1 and we have
the desired matching M; 1 such that (M~ UM, ;1) and F; ,_; — M, 1 are linear forests. By
definition, M; ;1 does not contain any edges incident to vertex v,. Consequently, all of vy, wy,
and wj, have degree at most 1 in (M~ U M, ,_1), which in turn implies that each of vy, wy, and
wy, is either an isolated vertex or an endvertex of a path component of (M~ U M, j_1). Hence,
not all of vy, wy, and wy, are in the same component of (M~ U M; ;_1). We may assume without
loss of generality that vj, and wy, are in different path components of (M~ U M; 1), and we let
M;p = M;p—1 U{vpwy}. Clearly, M;;, C F;j and M; ) is a matching. Moreover, adding edge
vpwp, to (M~ U M; 1) does not create a cycle but combines two path components into a new

path component. Therefore, both (M~ U M, ;) and F;j, — M, j, are linear forests. ]

Applying Claim[3.4with h = s and letting M; 1 = M; , we thus find a matching M; 1 C Fiy1
such that (M~ U M;41) and F; s — M;4q are linear forests, and so Fj;1 — M;4q is also a linear

forest. This completes the proof of Proposition

.l 71'/‘5 A s (3 l‘ﬂ tl“'ff—
3.2 Proof of Proposition |3.2 QZ

SR VN

Let M be a matching of F; and uv be an edge of some cycle from C. _@e by Ep, (u) and

Er, (v) the sets of three edges incident to v and v in Fy, respectively. Recall that v* and v* are
—

the unique neighbors of u and v, respectively. Then, {uu*,uv} C Ep, (u) and {vv*,uwv} C Ep, (v).
If M N (Ep (u)UEFR (v) C{uu*,vv*}, then we define the uv-switch w.r.t. M as the following
operation: M — M™*, where M* := M + uv — uu® —vv*. Clearly, M* is still a matching of F.

10



Claim 3.5. Let uv be an edge of a cycle in C, and M be a matching of Fy such that MN(Ep, (u)U
Epr (v)) C {uu*,vv*}. If uw and v are in two different components D, D, of (M~ U M), then
after the uv-switch w.r.t. M, the union of D, and D, becomes a disjoint union of paths and all

other components of (M~ U M) are unchanged.

Proof. Note that each component of (M~ U M) is either a path or an even cycle, and so are D,,
and D,. Since M N Ep, (u) C {uu*}, regardless whether uu* € D,, or not, D, — uu* is either a
path or a disjoint union of paths with u being an endvertex of a path. If uu* ¢ D,,, then uu* ¢ M,
and so Ep, (u)NM = @, which implies that D,, must be a path. Hence, D, —uu* is either a single
path or a disjoint union of paths with u being an endvertex of some path. The similar statement
holds for D, — vv*. Hence, D, U D, — uu* — vv* + wv is a disjoint union of paths. For any
component D of (M~ UM), if D ¢ {D,, Dy}, by definition we have E(D) N {uu*,vv*,uv} =0
and V(D) N {u,v} =0, and so D — uu* — vv* + uv are unchanged. O

For a matching M of Fj, a cycle C € C is said to be M-good if E(C) N M # () and each
component of (M~ U M) sharing a common vertex with C' is a path. Otherwise, C' is said
to be M-bad, i.e., E(C) N M = () or there is a cycle component D of (M~ U M) such that
V(D)NV(C) # 0. A matching M of Fy is called a feasible matching if it satisfies

(i) A(Fy — M) < 2; and

(il) E(C)N M =0 for every M-bad cycle C.

We notice that under the condition (i), the condition (ii) is equivalent to that MNEp, (u) = {uu*}
for every u € V(C) whenever C' is M-bad. And so we can conduct a wv-switch w.r.t. M for

every uv € E(C) whenever C' is M-bad.

:={vv* : v € V.}. Then, A(Fy — M)=2and E(C)NM =0

for every cycle C' € C. By definition, every cycle of C is M-bad. Hence, M is a feasible matching,
and so the set of feasible matchings is not empty. For any two feasible matchings M, and M,
in F1, we write M, < M, if every M,-good cycle is My-good but not every Mjy-good cycle is
M,-good. Clearly, all feasible matchings under the order < form a poset. Let M; be a maximal

element in this poset.

Proposition 3.6. All cycles in Iy are M1-good.

Suppose that Proposition holds. Then, E(C) N M; # () for any cycle C in F;, and so
Fy — M, is acyclic. Since M is a feasible matching, A(Fy — M;) < 2. Hence, Fy — M; is a linear
forest. Let D be a nontrivial component of (M~ U Mj). Notice that (M~ U M) is a disjoint
union of paths and cycles. We claim that D is a path. Recall that V. is the set of vertices of
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all cycles in F. If V(D) NV, # 0, then D is a path because all cycles in F; are Mj-good. If
V(D) NV, =0, then E(D) N M; = 0 because every edge of M; C E(F}) is incident to some
vertex in V.. Hence, D is a single edge of M ~, and so D is also a path. Accordingly, (M~ U M)
is a disjoint union of paths, which also shows that (M~ U M) is a linear forest. So far, we have
completed the proof of Proposition [3.:2] under Proposition [3.6f The remainder is devoted to the
proof of Proposition We assume that there is an M;-bad cycle and will reach a contradiction

to complete the proof. ?W& 6{0 ok Q D h)b{"' a cﬂ\rw,(_(,{ T“‘“

For a nontrivial component D of (M~ U Mﬁ,inoticing that D is either a path or an even

cycle, we denote an orientation of D by <p @ is a directed path or Cyc!e) For a vertex \)C, un

v € V(D), let v~,v" denote the predecessor and successor of v along the orientation <p if they O N

exist. For any u,v € V(D), denote by D[u, v] the subpath of D from u to v along the orientation
<p, and denote by D~ [u,v] the subpath of D from u to v along the reversed orientation of
<p. A chord is an edge that is not part of a cycle (resp. path) but connects two vertices
of a cycle (resp. path). Two chords zy and zw of D are crossing if exactly one of z and w,
say z, is such that x <p z <p y. Let C C F} be an Mj-bad cycle. Suppose that there is
an edge uv € E(C) with endvertices u,v € V(D). Since M; is a feasible matching, we have
M N (Ep, (u) U ER (v)) = {uu*,vv*}, and so wu*,vv* € E(D), uv ¢ E(D). We call such uv
a bad-cycle-chord (b-chord) of D. When D is a cycle, we say that uv is a consistent b-chord if

* oru~ = u* and vT = v*. When D is a path, we assume u <p v,

either u™ = u* and v~ = v
and say that uv is a consistent b-chord if v~ = v* and v* = v*. Otherwise, we call uv an

imconsistent b-chord.

Claim 3.7. Let D be a nontrivial component of (M~ U My). Then, the following statements
hold.

(i) For any My-bad cycle C1, if V(Cy) C V(D), then every edge of E(C1) is a consistent
b-chord of D.

(11) For any two Mi-bad cycles C1 and Ca, if V(C1) UV (Cy) C V(D), then no two edges of
E(C1) U E(Cy) form a pair of crossing b-chords of D.

Proof. For (i): Suppose on the contrary that there is an edge e = uv € E(C;) that is an
inconsistent b-chord of D. When D is a path, we assume that x,y are the two endvertices of
D and x <p u <p v <p y. By symmetry, it suffices to consider the following three cases: (1)
ut =u* and vt = v* when D is a path (Figure [la)); (2) u* = u* and v~ = v* when D is a path
(Figure; or (3) u™ = u* and v = v* when D is a cycle (Figure. In any of these cases, after
conducting a uv-switch w.r.t. Mj, the only changed component D containing V' (C7) becomes the

union of paths D* in (M ~UM{), where M := M;+uv—uu*—vv* and D* := D~+uv—uu*—vv*.

12
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More precisely, D* consists of two paths in case (1): D[z, uJuvD~[v,u*] and D[v*,y]; D* consists
of two paths in case (2): D[z, u|uvD[v,y| and D[u*,v*]; D* = D[u*,v]JvuD~[u,v*] is a path in
case (3). Combining this with E(C*) N M; = E(C*) N M; for any C* € C\{C}, we have
the following two results: C* is M{-good if C* is Mi-good; C* is Mi-bad if C* is M{-bad.
Since M; is feasible matching, A(F; — My) < 2 and E(C*) N My = ( if C* is Mi-bad. So
A(Fy — M) = A(Fy — My — uv + uwu* +vv*) < 2 and E(C*)N My =0 if C* is M{-bad. Hence,
M7 is a feasible matching with M; < M. Since V(D*) = V(D), we have V(C;) C V(D*), and
so each component of (M~ U M) sharing a common vertex with C; is a path. Combining this
with wv € E(Cy) N M{, we conclude that Cy is M;-good, which gives a contradiction to the

maximality of M;.

D
ee(Cy ey ee
D T~ D Nl
T u o ur v v* Y T U u* v v Y U ur v v*
(a) D is a path in case (1) (b) D is a path in case (2) (¢) D is a cycle in case (3)

Figure 1: Inconsistent b-chords of D

For (ii): Suppose on the contrary that there are two crossing b-chords ey = ujv; € E(Ch)
and es = ugve € E(C2). We further assume that C7 = Cs if €3, eg are on the same cycle. After

conducting the ujvi-switch and the usve-switch, let

M7 := My + ujv1 + ugve — uguj — v1v] — uguy — VU5,

D* := D 4 ujvy + ugvy — uguj — v10] — ugul — vavs.

Suppose that D is a cycle, and without loss of generality, that uy <p us <p v1 <p v2. By
(i), both ujv; and ugvy are consistent b-chords of D. By symmetry, we assume that uf =u] and
vy = v}, and consider the following two possible cases: (1) ui = u} and v, = v} (Figure ;
or (2) uy, = uj and v = vj (Figure 2b). In case (1), D* is a union of two paths: D[u},v}]
and Dlu}, ug]ugva D[va, ui|ujvi D[vi, vi]. In case (2), D* is also a union of two paths: Duj, u3]
and D~ [v], ug]ugva D~ [vg, v1]v1u1 D~ [ug, v3]. Similarly to the discussion in Claim [3.7}(i), we have
that My < M| and M;-bad cycle C1 becomes M{-good, giving a contradiction to the maximality
of M;.

We now assume that D is a path. Let z,y be two endvertices of D. We assume without loss
of generality that * <p u; <p w2 <p v1 <p v2 <p y. Since both ujv; and usvy are consistent
w.r.t. D, we have u; = uj, fuf = v}, uy = uj and v; = v} (Figure 2¢). We see that D* is

a union of three disjoint paths: D[z, u}], D[vi,y], and D~ [u}, ui]uivy D~ [v1, ugugva D~ [ve, vi].

13



D D

* * * * * * * *
Up Uy UpUy Uy Uy Vg Vg Up Uy UgUy UV Uy Uy Vg

(a) D is a cycle in case (1) (b) D is a cycle in case (2)

61601 62602

Doio 04: X .l. ———o

* * * *
x Up Uy Uy Uy U U Uy Uy Y
(¢) D is a path

Figure 2: Crossing b-chords of D

Similarly to the discussion in Claim (1), we have that M; < M7 and the M;-bad cycles Cy, Cs

become M -good, giving a contradiction to the maximality of Mj. O

A cycle component D of (M~ U M) is called a black hole if V(C) C V(D) for any cycle
C € C satisfying V(C) N V(D) # () with at most one exception |V (C)NV(D)| = 1. Since we
assumed that D is a cycle in the above definition, every cycle sharing a vertex with a black hole

is M;-bad.

Claim 3.8. There is no black hole in (M~ U Mj).

Proof. Suppose on the contrary that there is a black hole D in (M~ U M;). Let Cy denote the
only possible cycle that shares exactly one vertex with D, and let B* denote the set of cycles
C* € C such that V(C*) C V(D). Since D is a cycle component of (M~ U M), it follows that
D contains at least two edges of My, i.e., |E(D)N M| > 2. Since My C Fy and F} = F[V,U V],
we have |V (D) N V.| > 2 which in turn shows B* # (.

Let E(B*) := Uc+ep-E(C*). We define an ayxiliary graph G with V(G) = V(D) and
E(G) = E(D)U E(B*). Recall that every cyclems aring a vertex with a black hole is M;-bad.
Since M is feasible matching, every edge in E(B8*) is a b-chord of D. By Claim [3.7}(ii), no two
edges of F(B*) are crossing w.r.t. D. Hence, G can be drawn on the plane as an outerplanar

graph, where D is the boundary and all edges in E(B*) are chords of G (Figure |3).

If Cy exists, then let vy be the unique vertex in V(Cy otherwise, let vy be an

Each edge

arbitrary vertex not incident to any e € FE (B*), fwvhich exists by outerplanarityy

e € E(B*) divides the interior region of D into two parts: R} whose closure contains vy, and R?

BYSVERNYY 2~ (omneeded ke,

. hade o e oo oA F/am ﬁmf}]s
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Figure 3: An illustration of the outerplanar graph G

whose closure does not contain vg. Of all edges on E(B*), let e; be one such that R} contains
most number of cycles in B*, and let C7 € B* be the cycle containing e;. We claim that for any
edge e € E(C1), R? contains no cycle in B* other than Cj itself. Otherwise, we suppose that
there exists some edge e; € E(C1) such that RY) contains another cycle Cy € B* other than Ci

itself. Then, for any edge e3 € Cs, R}zs contains more cycles than R} |» giving a contradiction.

Since C7 has at least three edges, C] contains two consecutive edges zy and yz such that
both ng and Rgz contain no cycles of B*. Assume without loss generality that © <p y <p z.
Since M is feasible and C; is Mi-bad, we have M N Ep, (u) = {uu*} for every v € V(C1), and
so zx*,yy*, zz* € E(D). By Claim (i), both xy and yz are consistent. Then, either x— = z*
and y© = y*, or 7 = 2* and y~ = y*. Suppose first that 2= = 2* and y™ = y*. Recall that
xx*,yy* € My. Since D is a component of (M~ U M), we have that xz™,yy~ € M. Since zy
is a chord of D, it follows that T # y, and so zx™ # yy~. Hence, D[x™",y ] contains at least
one edge of Mj, which in turn shows that it intersects with some cycle in C. Therefore, there
is a cycle of B* in ng, giving a contradiction. We now suppose that z+ = 2* and y~ = y*.
Then, 2™ = z*. In the same fashion above, we can show that Rgz contains a cycle of B*, giving

a contradiction. O

Claim 3.9. If D is a path component in (M~ U M), then V(C)\ V(D) # 0 for any M;-bad
cycle C.

Proof. Suppose on the contrary that there exists an Mj-bad cycle C such that V(C) C V(D).
By Claim (ii), no two edges of C' are crossing b-chords w.r.t. D. Note that C has at least
three edges. Thus there are two consecutive edges uv,vw € E(C) such that u <p v <p w. By
Claim [3.7}(i), both uv and vw are consistent w.r.t. D. However, when uwv is consistent, we have

u” = u* and v™ = v*, which implies that vw is not consistent, giving a contradiction. ]

A cycle C € C is a single-point-unchangeable (SPU) if the following is true: for any component
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D in (M~UM),if V(D)NV(C) # 0 then D is a cycle and |V(D)NV(C)| = 1, i.e., components
of (M~ U M) sharing a common vertex with C' are cycles, and each of them shares exactly one

vertex of C.

Claim 3.10. If an M;-bad cycle C intersects with at least two components of (M~ U M), then
C is an SPU.

Proof. Suppose on the contrary that C is not an SPU. Let C = uguq - - - usug, and for convention,
let us41 = up. Since C is an M;j-bad cycle and M; is a feasible matching, M; N Ep, (u;) =
{u;u’} for each i € {0,...,s} and the u;u;41-switch can be conducted. We will identify a set of
independent edges w;u;+1 for i € {1,...,s}, and then do w;u;i-switches for all these edges to
get a feasible matching M7 such that M; < M; and C'is M{-good cycle, giving a contradiction
to the maximality of Mj. Let D be the set of all components of (M~ U M) sharing at least one

vertex with C. By assumption, we have |D| > 2.

We first consider the case that all components in D are paths. Since |D| > 2, we may assume
that ug and uq are contained in two different path components Dy, D1 € D. We do ugui-switch
and let My = My + upu1 — uouy — uiuj. By Claim every component of (M~ U M) sharing
a vertex with C' is still a path, while after the switch, C is M;-good since E(C) N M7 = {uou1 }.
For any M;-good cycle C* € C\{C}, C* is M;-good since E(C*)N M = E(C*)NM;. Moreover,
since the ugui-switch changes no other Mj-bad cycles, it is easy to check that M} is a feasible

matching, and therefore, M; < M{. This contradicts to the maximality of Mj.

Suppose now that there exists one cycle component in D. Denote by D¢ the set of all cycle
components in D. Since C'is not an SPU, D either contains a path, or contains a cycle that shares
at least two vertices with C'. So, we assume that Dy € D is a path if there is one, otherwise is a
cycle satisfying |V (Do) NV (C)| > 2. In both cases, we assume that ug € V(Dy) and us ¢ V(Dy)

because C' intersects at least two components in D.

We claim that there exists some index 7 € {1, ..., s} such that u; belongs to a cycle component
and u;+1 belongs to a different component which may be a path or a cycle. If Dy is a path, then
such 7 exists and 1 < i < s because of Do # () and ugs ¢ V(Dy); if Dy is a cycle, then such i
exists and 1 < i < s — 1 because of |V (Dy) NV (C)| > 2 and us ¢ V(Dy). Let i1 be the smallest

index with above property.

Suppose that we have picked vertices w;,,...,u; for ¢ > 1 with above property. For each
j € {1,...,t}, we denote the corresponding cycle component that ui; belongs to by Dj; and
the cycle or path component that u;; 11 belongs to by D;. If Do\ {D1,D5,..., Dy, Df} = 0,
then we stop. Otherwise, let i;41 be the smallest index in {i; + 2,..., s} such that Uj,,, 1S ON &

cycle component in Do\ {D1, ..., Dy} and w;,, 41 belongs to a different component. We assume
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without loss of generality that w;,,, € V(Di41) and w41 € V(Dj_ ;). Assume this process
terminates at u;,. Then, {D1,D7,..., Dy, D;} O D¢ and the cycles Dy,..., D, are mutually
distinct. Recall that 1 < iy < s, and so edges set {uijuin : 1 < j < ¢} are independent.

We do u;, ui, +1-switch, . . ., u;,u;,+1-switch w.r.t. M and let My := Ml—ngl{ui].ufj , uij+1u;‘j+1}
—I—Ule{uijuijﬂ}. Since edges set {u;;u;, 1 : 1 < j < £} are independent and M7 N (B, (u;;) U (/1/’4‘
Ep (ui41) = {uijufj,uijﬂufj_i_l}, we have that M] is a matching of F;. By applying Claim el |

repeatedly, we see that the subgraph of (M~ U M7) induced by U§:1 (V(Dij) U V(D;"j)) is
a disjoint union of paths. So, all components in (M~ U M) intersecting with C' are paths.
Combining this with U;zl{uijuiﬁl} C E(C)n M, we have that C' is Mj-good. Note that
E(C*) N M{ = E(C*) N M; for any cycle C* € C\{C}. Similarly to the discussion in the first
case, we can verify that M7 is feasible matching with M; < M7, giving a contradiction to the

maximality of M;. O
Now we are ready to complete the proof of Proposition [3.6] that all cycles in Fy are M;-good.

Proof of Proposition Suppose on the contrary that there exists some M;i-bad cycles in
F1. Let B be the set of all Mi-bad cycles in Fy. Let

By ={C € B:C is an SPU}, and
By ={C e B:V(C) C V(D) for some component D of (M~ U Mj)}.

By Claim we have B = By U By and By N By = (). By assumption, B # (. We now

consider the following cases on whether B; = ) or not.

Case 1: By = (). In this case, By = B # (). Let C' € B2 and D be the component of (M~ U M)
such that V/(C) C V(D). By Claim 3.9, we see that D is a cycle. By definition, any cycle C* € C
having nonempty intersection with D is M;j-bad, i.e., C* € B. And so C* € By because of By = 0,
which in turn implies that V(C*) C V(D). Hence, D is a black hole, giving a contradiction to
Claim 3.8l

Case 2: By # (. Define an auxiliary multi-hypergraph H with V(H) = Bj; and for each
component D of (M~ U M) intersecting with at least two SPUs, we define an edge Ep of H by
Ep={CeB, : V(C)NV(D) # 0}. A Berge cycle of length ¢ in a hypergraph is a set of ¢

distinct vertices {v1,...,v;} and ¢ distinct edges {e1,...,e¢} such that {v;,viy1} Ce;.

We claim that H contains a Berge cycle. Suppose on the contrary that H does not contain
a Berge cycle. Then, there exists some vertex C' € V(H) such that dy(C) < 1, i.e., there
exists at most one component of (M~ U M;) that intersects C' and another SPU. Denote such a
component by Dy if exists. Note that |V(C) NV (Dp)| = 1. Since M; N Ep, (v) = {vv*} for any
v € V(C), there exists another component, say D, of (M~ U Mj) intersecting with C. Since C
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is an SPU, it follows that |[V(C)NV(D)| =1 and D is a cycle. Hence, for any C* € B\ {C},
if V(C*)NV(D) # 0 then C* is Mj-bad. If C* € By, then Ep is an edge of H by definition,
which in turn shows dg(C) > 2, giving a contradiction. Thus, C* € By, which in turn gives
V(C*) C V(D). Therefore, D is a black hole, giving a contradiction to Claim

Let B = C1Cy--- C,,C be a Berge cycle of length m in H, and let Ep,,...,Ep,, be the
edges in E(H) such that {C;,Ciy1} C Ep, for i € {1,...,m} where Cp,41 = C}. Since both C;
and Cjy; are SPUs, we have that D; is a cycle and |V (C;) NV (D;)| = |V (Ciz1)NV(D;)| = 1. Let
v; € V(C;) NV(D;) and w; € V(Cit1) NV(D;). Then, v1, w1, ..., Un, W, are distinct vertices.

Let C1 = vizy ... xv;1. For each vertex x;, let D, be the component of (M~ UM;) containing
;. Since C'is an SPU, D, is a cycle and V(D,,) NV (C1) = {z;}. If t is even, we do z1x2-
switch 7, wy—1a-switch w.r.t. My and let My = My + {x122, x324, ..., Tp—12} — Ule{azzxf}
By Claim , every component of (M~ U Mj ;) sharing a vertex with C; is a path except
for Dy. If t is odd, we do vixi-switch, ..., z;_1x¢-switch w.rt. My and let My = M; +
{viz1, woms, ..., xi—12f —{10] } — Ule{ajzxj} By Claim every component of (M~ UM, 1)
sharing a vertex with Cj is a path. For both parities of ¢, since wy, € V(C1) = V(Ci41) and
W # V1, it follows that the cycle component D,, become a path component of (M~ U M; ;).

Let Co = vy ...ysve. Similarly to the discussion above, after a sequence of uv-switch in
Cy, we get My o from M, ; such that every component of (M~ U M; ) sharing a vertex with Co
is a path except for Do. Since wy € V(C3) and wy # va, it follows that the cycle component Dy

becomes a path component in (M~ U M ) if it was unchanged when we worked on Cj.

Continuing this procedure in such way, we get My ,, from M ,,,—1 such that every component
of (M~ U M ,,) sharing a vertex with C,, is a path except for D,,. But, D,, has become a
part of a path component in (M~ U M; ;). In summary, all cycles M;-good cycles Ci,...,Cp,
become M p,-good. Note that E(C*) N My = E(C*) N M; for any C* € C\{C1,...,Cp} and
My N Ep (v) = {vv*} for any v € V(C1 U...UCy,). It follows that My ,, is a feasible matching
and all M;-good cycles are M ,,-good, i.e., My < M7, giving a contradiction to the maximality

of My, which completes our proof. O
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